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Abstract

A numerical analysis is performed for the mathematical model of boundary layer
flow with three different kinds of nanoparticles. Heat and mass transfer are anal-
ysed for an incompressible electrically conducting fluid with viscous dissipations
and Joule heating past a porous plate embedded in a porous medium. An ap-
propriate set of similarity transformations are used to transform the governing
partial differential equations (PDEs) into a system of nonlinear ordinary differen-
tial equations (ODEs). The resulting system of ODEs is solved numerically by
using shooting method and obtained numerical results are compared with Matlab
bvp4c built in function. Furthermore, we compared our results with the existing
results for especial cases. which are in an excellent agreement. The numerical val-
ues obtained for various non-dimensional physical quantities together with velocity
and temperature profiles are presented through graphs and tables. The effects of
different physical parameters on the flow and heat transfer characteristics are dis-

cussed in detail.
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Chapter 1

Introduction

The boundary layer is the region adjacent to the surface of an object around which
the fluid is flowing. Flow of the boundary layer play an important role in fluid me-
chanics and has been extensively studied in the literature. Prandtl [1] was the first
who presented the concept of boundary layer. Makinde and Motsumi [2] studied
the boundary layer flow of nanofluids over a continuously moving surface. Ibrahim
and Makinde [3] investigated the thermal boundary layer flow with effects of dou-
ble stratification over a vertical sheet. In addition to that in a series of article,
Makinde [4, 5] studied the boundary layer flow of nanofluids passing over a flat
plate. They further analysed the impacts of viscous dissipation and Newtonian
heating for various types of geometry including permeable surface. The main pur-
pose of their study is the computation of mathematical models of nanofluid over
steady /unsteady stretching sheet. The boundary layer flow over a moving surface
have a number of applications in engineering and industrial fields. Sakiadis et al.

6, 7] presented the concept of the boundary layer flow through a stretching surface.

The small solid particle is known as nanoparticle, these nanoparticles ranges from
1-100 nanometers in size. The nanofluid is defined as the homogenous mixture of
the base fluid and nanoparticle. In 1995, Choi [8] in his pioneering work introduced
the terminology of nanofluids. Since then an extensive research is carried out on
this topic by many researchers due to its potential industrial applications. In the

1



Introduction 2

current progress in the field of science and technology, the nanotechnology has a
wide range of applications in differen fields. In the last couple of decades, the devel-
opment in nanotechnology is exponentially increasing. The effects of nanoparticle
migration on force convection of nanofluid in a channel are studied for alumina
[9] critical analysis of thermophysical characteristics of nanofluids are investigated
by Khanafer and Vafai [10]. Moreover, Copper-water nanofluid in a porous and
moving plates are discussed by Sureshkumar and Muthtamilselvan [11]. Nagara-
jana and Akbarb [12] discussed the heat transfer enhancement of Copper-water
nanofluid in a porous square enclosure driven by moving flat plate. Study for the
driven cavity flow with different characteristics of heat transfer in nanofluid can
be found in [13-16]. Ho et al. [17] provided numerical solutions using finite vol-
ume and finite difference methods for convective heat transfer in nanofluid. The
numerical simulations are performed for nanofluid in a square enclosure. They
discussed the effects of viscosity and thermal conductivity in nanofluid.

The heat transfer in the boundary layer flow of nanofluid has been an interest-
ing topic for researchers. Masuda et al. [18] found that nanofluids are enhancing
thermal conductivity, they further noted the potential applications of nanofluid
in nuclear technology. They studied the characteristics of nanofluid by dispersing
ultra-fine particles in base fluid with varying viscosity and thermal conductiv-
ity. Boungiorno [19] developed a model with analytic solution for convective heat
transfer in a Brownainan diffusion of nanofluid. He observed the effects of diffu-
sion and thermophoresis in nanofluid. A cavity flow with heat transfer and entropy

generation are analysed by Hiemenz et al. [20].

MHD stand for magneto-hydrodynamics or hydromagnetics. It is the study of
magnetic properties of electrically conducting fluids. Magneto-hydrodynamics
(MHD) of an electrically conducting fluid has wide range of applications in the
fields of geophysics, astrophysics, engineering and many other areas described
by Khaleque and Samad [21]. Due to their wide range of applications many re-
searchers tend to apply MHD flow into their problem. Ibrahim et al. [22] discussed

the effects of time dependent MHD with viscous dissipation and radiation. Zhang
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et al. [23] numerically studied the effects of radiation, heat flux and chemical reac-
tion on heat transfer of nanofluid through porous media. They further considered
the influence of magnetohydrodynamics in the thermal boundary layer flow of vis-
cous fluid. Omowaye and Animasaum [24] discussed the MHD upper convected
Maxwell fluid over melting surface subject to thermal stratification with variable
thermo-physical properties. Mansur et al. [25] studied MHD stagnation point flow
of a nanofluid over a stretching sheet with suction. Ashikin et al. [26] discussed
the issue of heat transfer for the MHD Maxwell nanofluid flow past a vertical per-
meable sheet. MHD slip flow with convective boundary conditions over stretching

surface for carbon nanotubes was analysed by Rizwan et al. [27].

In the process of heat transfer, viscous dissipations mean heating up the fluid via
different source. In short, in this mechanism the viscosity of the fluid will absorb
heat from the kinetic energy and transform it into internal energy of the system.
Moreover, the process in which the electric current through a conductor produce
heat is known as Joule heating. Eldahab et al. [28] studied the viscous dissipation
and Joule heating effects on MHD-free convection from a vertical plate. Viscous
dissipations play an important role in the natural convection in various devices.
Viscous dissipation effects and the effects of Joule heating on thermal boundary
layer flow are studied in [29, 30]. There, an electrically conducting fluid flow due
to free convection studied from a vertical plate. The analysis of thermal radia-
tion on MHD boundary layer with different geometries, Joule heating and viscous
dissipations are discussed for Newtonian and non-Newtonian fluids. Alam et al.
[31] studied the Joule heating and viscous dissipation on an inclined isothermal
permeable surface with MHD and thermophoresis. Hayat et al.  [32] discussed
the incompressible unsteady 3-dimensional MHD flow over stretching sheet with

viscous dissipation and Joule heating.
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1.1 Thesis contributions

The main contribution of present work is to perform numerical analysis of heat
and mass transfer in MHD flow of two dimensional nanofluid over a flat surface.
The fluid is electrically conducting with a magnetic field By. The system of non-
linear PDEs are transformed into the system of ODEs and solved using shooting
technique. The numerical results are verified using bvp4c built-in function of Mat-
lab, which are in excellent agreement. The influence of different parameters on
the velocity, temperature and concentration profiles are shown graphically and

discussed in detail.
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1.2 Outline of the dissertation

This thesis is further partitioned into following chapters:

Chapter 2 contains useful definitions, basic concepts and laws of conservations

which are essential for understanding the work in upcoming chapters.

Chapter 3 describes the numerical investigation of heat and mass transfer in
nanoparticles of an electrically conducting boundary layer flow of two dimensional

incompressible fluid. This chapter is the review work of Zhang et al. [23]

Chapter 4 is extended for numerical analysis of heat and mass transfer in an
electrically conducting fluid through permeable surface with radiation, viscous
dissipation and Joule heating. This chapter consists of general introduction of the
topic, mathematical formulation for the extended model, development of numeri-
cal solution and results. The nonlinear coupled system of PDEs are transformed
into system of ODEs. The shooting method is utilized to solve the mathematical
model. Numerical values are calculated and analysed for different ranges of phys-

ical parameters.

Chapter 5 complete this study with summary and concluding remarks.



Chapter 2

Basic concepts and definitions

This chapter includes some basic laws and terminologies of the fluids. Which will
be essential for understanding and continuation of the preceding chapters regarding

this work [33]

2.1 Basics definition

Definition 2.1.1 (Fluid)

“It is a physical substance that deforms continuously under the influence of an
applied shear stress. Fluid yields easily to shear stress and repeatedly deforms its
shape as long as the shear stress acts. Fluid has no fixed shape and conforms to

the shape of a container in which it is placed.”

Definition 2.1.2. (Fluid mechanics)

“The branch of mechanics, which deals with the properties of fluids either in a

rest or a moving states, respectively. Fluid mechanics is mainly divided into two

b

categories. i.e, fluid dynamics and fluid statics.
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Definition 2.1.3. (Fluid dynamics)
“It is the branch of fluid mechanics, in which we study the movement of the fluids.”
Definition 2.1.4. (Fluid statics)

“It is the branch of fluid mechanics, which depict the properties of the fluid at a

rest. ”

Definition 2.1.5. (Viscosity)

“Viscosity of a fluid is defined as the measure of resistance to steady distortion
by shear/tensile stress. A notation used for viscosity is 1 and its mathematical

expression is,
shear stress

Viscosity = u =
y=# rate of shear strain

where 1 is called the coefficient of absolute viscosity /dynamics viscosity or simple
M ]'77

viscosity. The dimension of viscosity is [+

Definition 2.1.6. (Kinematic viscosity)

“ Tt is the ratio of dynamic viscosity to the density of the fluid is known as kine-
matic viscosity and it is denoted by v. Mathematically it is defined by v = % where

7

p is the density of the fluid and dimension of kinematic viscosity is given by [LTQ]

2.2 Classification of fluids

Definition 2.2.1. (Compressible and incompressible fluids)

“A flow is incompressible in which the density remains constant within the fluid.
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Therefore, the volume of every portion of the fluid remain unchanged. Mathemat-

ically,
Dp

=0
Dt ’

where p is called fluid density and D% is the material derivative given by
—=—=+V-V. (2.1)

In above equation, V denotes the velocity of the flow and V is the differential

operator. In Cartesian coordinate system V is given as

o5, 05,0

oxr Oy &k

If the density of the fluids varies then the fluid is known compressible fluid. Math-

ematically,

P = p(xaya th)”

Definition 2.2.2. (Newtonian and non-Newtonian fluids)

“The fluids, which fulfill Newton’s law of viscosity are known as Newtonian fluid.

Tyo = H (Z—Z) : (2.2)

where 7,, is the shear stress and p is called the constant of proportionality. The

Mathematically,

most common example of Newtonian fluids is water. Those fluids, which do not

obey the Newton’s law of viscosity are known as non-Newtonian fluids. Mathe-

du\"
Tyz = k (@) s (23)

where n # 1 is flow behaviour index. For n = 1 with k = u, the above equation

matically,

reduce to the Newton’s law of viscosity. Paints, blood, biological fluids and poly-
mer melts etc, are good examples of non-Newtonian fluids.”
Definition 2.2.3. (Real fluid)

“The fluids, which have non-zero viscosity are called real fluids. These fluids may
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be compressible or incompressible. It depends upon the relationship between the
shear stress and rate of shear strain.”

Definition 2.2.4. (Nanofluid)

“The nanofluid is defined as the homogenous mixture of the base fluid and nanopar-
ticles.”

Definition 2.2.5. (Flow)

“It is the deformation of material under the influence of different forces. If this
deformation increase continuously without any limit, then this process is known

as flow.”

2.3 Types of flows

Definition 2.3.2. (Uniform and non-uniform flows)

“The flow, in which magnitude as well as the direction of the fluid velocity is the
same at each points of the flow. In case of non-uniform flow, the velocity is not
same at each point of the flow at any given instant.”

Definition 2.3.3. (Steady and unsteady flows )

“The flow properties does not change with respect to time is known as steady flow.

Mathematically,

0
where ( is any fluid property. In case of unsteady flow, fluid property change with
respect to time. It is known as time-dependent flow.”

Definition 2.3.4. (Laminar and turbulent flows)

“A flow in which the particles of the fluid have specific path and individual particle
does not intersect each other is known as laminar flow. In such flow, the particles
move along well-defined path. The flow in which fluid particles have no specific
paths and they move randomly is called Turbulent flow.”

Definition 2.3.5. (Internal flow)

“Internal flow are those where fluids flow through confined spaces, e.g, flow in
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pipe.”
Definition 2.3.6. (External flow)
“The flow which is not confined by the solid surface, is known as external flow.

b}

The flow of water in the river is an example of the external flow.

2.4 Mechanism of heat transfer

“Due to temperature difference energy transfer is called heat transfer. Heat trans-
fer occur through different mechanism.”

Definition 2.4.1. (Conduction)

“Due to collision of molecules in contact form, heat is transferred from one objects
to another objects is called conduction. Such types of heat transfer occurs in the
solid.”

Definition 2.4.2. (Convection)

“It is a mechanism in which heat transfer occurs due to the motion of molecules
within the fluid such as air and water. A mathematical expression for convection

phenomena is

q=hA(T; —Tx), (2.4)

where h, A, Ty and T, denote the heat transfer coeffcient, the area, the tem-
perature of the surface and the temperature away from the surface respectively.
Further, it is subdivided into the following three categories.”

Definition 2.4.3. (Natural convection)

“It is the process, in which heat transfer is caused by the temperature differences.
It effects the density of the fluids and the fluid motion is not developed by an ex-
ternal source. It occurs only in the presence of gravitational force and also known
as free convection.”

Definition 2.4.4. (Forced convection)

“It is a type of heat transfer in which an external source is used to produce motion

of the fluid. e.g. fan or a pump.”
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Definition 2.4.5. (Mixed convection)

“It is the combination of both forced convection and natural convection and both
occur simultaneously.”

Definition 2.4.6. (Radiation)

“In radiation process, heat is transferred through electromagnetic rays and waves.
It takes place in liquids and gasses. An example of radiation would be atmosphere,
the atmosphere is heated by the radiation of the sun.”

Definition 2.4.7. (Thermal conductivity)

“It is the property of a substance which measures the ability to transfer heat.
Fourier’s law of conduction which relates the flow rate of heat by conduction to
the temperature gradient is

1Q__ T

dt dz’

where A, k, % and 29 are the area, the thermal conductivity, the temperature

' dw dt

and the rate of heat transfer, respectively. The SI unit of thermal conductivity is
Bgm and the dimension of thermal conductivity is [2£].”

Definition 2.4.8. (Thermal diffusivity)

“The ratio of the unsteady heat conduction k, of a substance to the product of
specific heat capacity C), and density p is called thermal diffusivity. It quantify

the ability of a substance to transfer heat rather to store it. Mathematically, it

can be written as”
K

o= p_Cp’
The unit and dimension of thermal diffusivity in SI system are m?s~! and [LT ]
respectively.”

Definition 2.4.9. (Joule heating)

“It is the procedure in which heat is generated by passing an electric current
through a conductor. It is also known as Ohmic heating and resistive heating.”
Definition 2.4.10. (Viscous dissipation)

“In viscous fluid flow, the viscosity of the fluid will take energy from the kinetic

energy and transform it into internal energy of the fluids. This process is called

viscous dissipation.”
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2.5 Dimensionless numbers

Definition 2.5.1. (Reynolds number (Re))
“It is the ratio of inertial forces to viscous forces. The behaviour of the different

kinds of flow will be identify like laminar or turbulent flow. Mathematically,”

pU? LU
Re:LU = Re=—,
% v

where U denotes the free stream velocity, L is the characteristics length and p
stands for kinematic viscosity.”

Definition 2.5.2. (Prandtl number (P,))

“The ratio of kinematic diffusivity to heat diffusivity is said to be Prandtl number.

It is denoted by P, Mathematically it can be written as

L

v
P=- = )
a k/c, pk

where 1 and « denote the momentum diffusivity or kinetic diffusivity and ther-
mal diffusivity respectively. ¢, denotes the specific heat and x stands for thermal
conductivity.”

Definition 2.5.3. (Nusselt number (Nu))

“It is the relationship between the convective to the conductive heat transfer
through the boundary of the surface. It is a dimensionless number which was
first introduced by the German mathematician Nusselt. Mathematically, it is de-
fined as:

Nu=—,
K

where h stands for convective heat transfer, L stands for characteristics length and
 stands for thermal conductivity.”

Definition 2.5.4. (Schmidt number (Sc))

“Schmidt number (Sc) is a dimensionless number characterized as the proportion
of momentum diffusivity (viscosity) to mass diffusivity and is utilized to describe
fluid flows in which there are simultaneous momentum and mass diffusion convec-

tion.”
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Definition 2.5.5. (Eckert number (Ec))
“It is the proportion of the kinetic energy dissipated in the flow to the thermal

energy conducted into or away from the fluid.”

2.6 Basic governing equations

2.6.1 Law of conservation of mass

“The law of conservation of mass [34] states that, mass can neither be created nor

destroyed inside a control volume. Mathematically,

dp
il (V) = 2.
5tV (V) =0, (2.5)

where p denotes fluid density. For incompressible fluids, Eq. (2.5) reduces to
V-V =0, (2.6)

with V' as velocity vector.”

2.6.2 Law of conservation of momentum

“Law of conservation of momentum [34] is state that, the net force F acting on
the particles is equal to the time rate of change of linear momentum. Equation of
linear momentum can be obtained from the Newton’s second law of motion. In

vector notation this law is given by

O V)V V(¥ = V7= pg =0 (27)

The Cauchy stress tensor is written as:

T=—pl+8, (2.8)
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The momentum equation becomes

p (%—Y +V. (VV)) =V.(—pI+8)+pg, (2.9)

where g is the body force, p the pressure, S denotes the extra stress tensor and p

the dynamic viscosity. In the tensor form the Cauchy stress 7 is written as

Oxe Toy Taz
(2.10)

Tyz  Oyy Tyz

Tex Tzy Ozz

Eq. (2.9) is a vector equation and can be decomposed further into three scalar
components by taking the scalar product with the basis vectors of an appropriate
orthogonal coordinate system. By setting g = —gVz, where z is the distance from
an arbitrary reference elevation in the direction of gravity, Eq. (2.9) can also be

expressed as

DV ov
—=p|—=+V-(VV)| =V (—pl+8)+V(—pyz), (2.11)
Dt ot

where % represent the substantial derivative. In Cartesian coordinates, by using

the velocity field V = [u(x,y,t),v (z,y,t),w (z,y,t)], the momentum equation

then becomes

(8u ou ou au) OTyz  OTwy  OTys

ox Ay 0z
) (81} ov ov Bv) OTye  OTyy 0Ty

T ) Tt e o + pby, (2.12)

ow u@_w+ 3w+w8_w _8sz+87'zy+8@z+ b
P\ "%r Ty T2 ) T o T oy T e

In which, Toq, Tay, Taz, Tyzs Tyys Tyz, Tzzs Tey and 7, denote the components of Cauchy

stress tensors and b, b, and b, denote the components of the body force.”
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2.6.3 Energy equation

“Law of conservation of energy [34] states that the total energy of the system re-
mains conserved, but it can be transferred from one form to another form. Math-
ematically it can be written as,
ou .
p E—I—V-VU =[1:VV+4+pV-V]|+V (kVT)+ Hr, (2.13)

where Hr is the heat of reaction and U is the internal energy per unit mass. By

using the definition of the internal energy, dU = C,dT, Eq. (2.13) becomes

pC, [aa—:g +V~VT] = [r:VV+pV-V]+V (kVT) £ Hr. (2.14)

For heat conduction in solids, i.e., when V =0, V-V = 0, and C, = C, the

resulting equation is written in the form of

T N
pcg—t =V (kVT) + Hr (2.15)
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2.7 Solution methodology

“Shooting method [35] used to solved the higher order nonlinear ordinary differen-
tial equations. To implement this technique, first convert the higher order ODEs
to the system of first order ODEs. In the shooting method, first we assume the
missing initial conditions and the differential equations are then integrated nu-
merically through Runge-Kutta method as an initial value problem. The accuracy
of the assumed missing initial condition is then checked by comparing the calcu-
lated values of the dependent variables at the terminal point with their given value
there. If the boundary conditions are not fulfilled upto the required accuracy, with
the new set of initial conditions, which are modified by Newton’s method. The
method is repeated again until the required accuracy is achieved. To explain the

shooting method, we consider a general second order boundary value problem,

y'(x) = f(z,y,9(x)) (2.16)
subject to the boundary conditions

y(0) =0, y(L)=A. (2.17)

By denoting y by y1 and ¢} by y2, Eq. (2.16) can be written in the form of follow-

ing system of first order equations.

/
Y1 = Y2, y1(0) :0,
1 (2.18)
yy = f(z,y1,92), n(L)=A.
Denote the missing initial condition y5(0) by s, to have
/
Y1 = Y2, yl(O) = 0,
1 (2.19)

yé:f(xaylva)a y2(0> = S.

Now the problem is to find s such that the solution of the IVP (2.19) satisfies the

boundary condition y(L) = A. In other words, if the solutions of the initial value
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problem (2.19) are denoted by y; (x,s) and y, (x,s), one should search for that

value of s which is an approximate root the the equation.
y1(L,s)—A=¢(s)=0. (2.20)

To find an approximate root of the Eq. (2.20) by the Newton’s method, the

iteration formula is given by

—s ¢ (SN>
Sn+1 = Sn —d¢ (s.) Jds’ (2.21)

or
yl (La Sn) - A

= - 2.22
Snt1 = Sn dy, (L, s,,) /ds ( )

To find the derivative of y; with respect of s, differentiate (2.19) with respect to

s. For simplification, use the following notations

dy dys
I T 2.2
This process results in the following IVP.
yé = Y4, y3(0> = 07
, of of (2.24)

= —y3 + —Y4, 0)=1.
Yy By, Ys 8y2y4 y4()

Now, solving the IVP Eq. ((2.24)), the value of y3 at L can be computed. This
value is actually the derivative of y; with respect to s computed at L. Setting the
value of y3 (L, s) in Eq. (2.22), the modified value of s can be achieved. This new
value of s is used to solve the Eq. (2.19) and the process is repeated until the

value of s is within a described degree of accuracy.”



Chapter 3

Chemical reaction and MHD flow
of nanofluids through porous

media

This chapter included the MHD flow, radiative heat and mass transfer of two di-
mensional laminar flow of an incompressible viscous fluid over a permeable plate
in a porous media. The effects of heat flux and chemical reactions are taken under
consideration. The modeled boundary layer equations for momentum, energy and
mass transfer are obtained using boundary layer appoximations. Using similarity
transformations we convert the nonlinear partial differential equations into system
of ordinary differential equations (ODEs). Numerical scheme based on the shoot-
ing methods is developed for system of ODEs. The effects of different physical
parameters are discussed through graphs and tables. Numerical results are fur-

ther computed for Nusselt number and Sherwood number.

18
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3.1 Mathematical model

We consider the steady, viscous and incompressible nanofluid flow. The flow is

two dimensional passed over a permeable plate in a porous media. In addition,

a magnetic field is applied to the plate as shown in Figure 3.1. The temperature

at surface is T},, U denotes velocity in the free stream condition and the ambient

temperature is T}, respectively. The increasing temperature along the sheet is Tj.

The following system of equations are incorporated for mathematical model Zhang

et al. [23]

FIGURE 3.1: A schematic diagram of flow.

The following system of equations are incorporated for mathematical model Zhang

23].
Continuity equation:
Ju
ox
Momentum equation:
0
W2 00 U ey 07
Ox oy dx  pps Oy
Energy equation:
oT N oT
U— +v— =
ox oy

0T

1 0g,

an___ b)
T puy Oy

(3.1)
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Mass equation:

oc  oC 0*C

The associated boundary conditions:

u:O,v:vw,T:Tw:Too—i-Toe%,C’:C'OO—FC'Oeﬁ at y =0, (35)
3.5

u—sU=aei, T =Ty, C—Cyx at y— oo,

where u is the velocity components along x direction and v represent velocity com-
ponents along the y directions respectively. T' is the temperature of the nanofluids,
p is the fluid pressure, o, is the electrical conductivity of the base fluid and oy
denotes the electrical conductivity of nanofluid respectively. In above equations,
C' is nanoparticles concentration, C,, shows the free stream concentration, D is
known as the mass diffusivity, U represents the velocity, which is far away from
the surface, a is any constant number, ji,,¢ is called the viscosity of nanofluids, p,¢
is the density of nanofluids, o,¢ denotes the thermal diffusivity and K is called

the variable reaction rate. Mathematically,
K(z) =kget,

where L is called the reference length and kg is the constant. The suction velocity
is given by:

V() = v eﬁ,

here vy a constant. In the solution of the problem, first of all we converted the
system of Egs. (3.1) - (3.4) along with the boundary conditions (3.5) into dimen-
sionless forms using suitable similarity transformation. The similarity variable is

defined as:
a

3L, 3.6
QUfLe : ( )

n=y

The temperature dimensionless function #, g and dimensionless stream function

are given in the form of

Y =yv2alogf(n)err, 0(n) = 7—70p—, g(n) = o 0 (3.7)

w o0
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The stream function ¥ = (z,y) is identically satisfying continuity equation.
Mathematically,
o oy
= — = ——. 3.8

Using similarity transformation from Egs. (3.6)-(3.7) in momentum Eq. (3.2),

energy Eq. (3.3) and concentration Eq. (3.4) along the boundary conditions (3.5)

we get the following ODEs.

Nanoparticles p(kg/m?) | Cp(J/kgK) | k(W/mK) o(S/m)
Fluid phase (H20) 4179 997.1 0.613 5.5 x 107°
Silver (Ag) 10.50 235 429 63.01 x 1076
Copper (Cu) 8933 385 400 59.6 x 1076
Aluminium oxide (Al,Os) 3970 765 40 35 x 1076

TABLE 3.1: Thermo-physical properties of HoO and nanoparticles.

1 1
LI e (re S ) a- =0 69
$1 o ®2
an R:| " / /
+— 0"+ P.(f6 — f0)=0, 3.10
B (0 - 6) (3.10)
g"+Sc(fg — flg— Ag) =0. (3.11)
The transformed boundary conditions are:
f=81=00=1g9=1 at n=0,
(3.12)
f'=1,0=0,g=0, at n— oo,
The parameters are:
p— 2va _ QO'fBgL 1601T§o )
aky ’ aps 3kky
S e oy Bop b
avy a ay
2L (3.13)
o= (1= 0% [a=0 402, sa=(1-0)+ oL
Pf P
(pCy) Os
p3=(1-0)+¢ 2, pa=(1—9¢)+o—,
3 = ) (pcp)f ( ) of J
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In the above equations P, denotes the Prandtl number, p is permeability parame-
ter, M and R represent the magnetic parameter and radiation parameter respec-
tively. S is known as suction parameter, Sc represents the Schmidt number and A
is the notation of chemical reaction coefficient. The quantities of interest in this
studies are the Nusselt number Nu, and the Sherwood number Sh,, respectively.

which are defined as:

(xqw) (Z‘pm)
Nu, = (Kf<Tw_Too>7 Shy = —"—"—— (3.14)

¢w is notation of the heat flux from the sheet and P, denotes the mass flux.

Mathematically,
orT oC
w Kn a_ ) w — D— . 3.15
¢ f@y y=0 b Yy ly=0 (3.15)
=1 Kf =1
NuyRe,? o= —0"(0), ShyRess = —g'(0). (3.16)
nf

In Eq. (3.16), Re, represents the local Reynolds numbers. It is written as

Ux?

Re, = )
¢ QLUf

(3.17)

3.2 Method of the solution

The numerical solution of the following Eqgs. (3.9)-(3.11) with corresponding
boundary conditions (3.12) can be obtained by shooting technique.

To use the shooting method, first we convert these Eqs. (3.9)-(3.11) into a system
of first order ODEs. For these purpose, we denote f by yi, f' by yo, f” by ys, 0
by y4 and g by ys . The coupled nonlinear momentum, heat and concentration

equations are converted into system of seven first order ODEs as into the following
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form:

yi = Y2,

yé = Ys,

Y3 = b1 (293 — Y3 —2) + (

y:l = Y5,
g Pos
5 kni/ks + R
yé =Y,

1
b2

(y1y5 - y2y4) )

P+ oM

Yy = =Sc(y1y7 — y2Ys — \Ys) -

The boundary conditions make the following forms

)(92—1)7

f1(0) =S, f2(0) =0, f30) =w,, fa2(0)=1, f5(0)=wv, fs(0)=1, f7(0)=w

To solve the above system of eqs. numerically, we replace the domain [0, c0) by the

bounded domain [0, 7,4z], Where 7,4, is some suitable real number. The stoping

criteria is give by

maz|ys(7)| = 1, [ya(7)], lys(7)] <,

where € > ( represents any positive number. In this thesis the numerical results

are achieved with e = 1076

TABLE 3.2: Numerical results of Nusselt number -6'(0) for various values of ¢

and R.
CU - HQO AlgOg - HQO Ag - HQO
¢ R|[23] Shooting bvpdc |[23]  Shooting bvp4c |[23]  Shooting bvpdc
0 1129174 2.9430 2.9430(2.9174 2.9430  2.9430|2.9174 2.9430  2.9430
2 12.0294 2.0510 2.0510{2.0294 2.0510 2.0510|2.0294 2.0510  2.0510
411.3733 1.3906  1.3906|1.3733 1.3906  1.3906{1.3733 1.3906  1.3906
0.1 1(2.6876 2.7048  2.7048|2.6269 2.6487  2.6487(2.4348 2.4572  2.4572
2 11.9518 1.9600  1.9600(1.9007 1.9189  1.9189/|1.7688 1.7873  1.7873
4 11.3597 1.3709  1.3709(1.3211 1.3357  1.3357|1.2351 1.2499  1.2499
0.2 12.4201 2.4344  2.4344(2.3358 2.3560  2.3560(2.0037 2.0243  2.0243
2 (1.8277 1.8395  1.8395|1.7551 1.7721  1.7721(2.0037 1.5360  1.5360
4 11.3101 1.3195  1.3195(1.2542 1.2680  1.2680(1.0966 1.1107  1.1107
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TABLE 3.3: Numerical results of Sherwood number -¢’(0) for the values of ¢
and Sc.

Cu — HyO Al,O3 — HyO Ag — HyO

¢ Sc |[23]  Shooting bvpdc |[23]  Shooting bvp4dc |[23]  Shooting bvpdc

0 0.25]0.8438 0.8607  0.8607|0.8438 0.8606  0.8606(0.8438 0.8607  0.8607
0.5 |1.2530 1.2627  1.2627(1.2530 1.2627  1.2627|1.2530 1.2617  1.2617
1 1.9172 1.9288  1.9288]1.9172 1.9288  1.9288|1.9172 1.9288  1.9288

0.1 0.25]0.8428 0.8736  0.8736|0.8472 0.8628  0.8628|0.8397 0.8548  0.8548
0.5 [1.2776 1.9598  1.9598|1.2580 1.9333  1.9333|1.2453 1.9158  1.9158
1 1.9525 1.2836  1.2836(1.9241 1.2661  1.2661|1.9055 1.2535  1.2535

0.2 0.25]0.8525 0.8768  0.8768|0.8464 0.8631  0.8631|1.8340 0.8484  0.8484
0.5 [1.2838 1.2888  1.2888|1.2561 1.2636  1.2636(1.2359 1.2438  1.2438
1 ]1.9616 1.9678 1.9678|1.9211 1.9312  1.9312/1.0966 1.8023  1.8023

Table 3.2 shows the effects of different parameters on Nusselt number. Both the
physical parameters R (Radiation parameter), volume fraction coefficient ¢ and
Nu, (local Nusselt number) are of great interest for engineers. In Table 3.2,
the numerical analysis of different physical parameters such as ¢, R and their
effects on Nusselt number under discussion is displayed. Furthermore, our results
are compared with existing literature [23], which show excellent agreement of
numerical results. It also investigated that by increasing radiation parameter R,
the Nusselt number increases. Moreover, when we increase the volume fraction
¢, the Nusselt number also decreases. In Table 3.3, we discussed the effects of
Schmidt number Sc and volume fraction coefficient ¢ on Sherwood number. We
compare the results obtained by shooting method with Matlab built-in function
bvp4c solver and both found in excellent agreement. The results are compared
with existing work of Zhang [23]. Which are in good agreement. It is investigated
that an increase in the values of volume fraction coefficient ¢, it also increase
the Sherwood number for nanoparticles C'u, AloO3 and Ag. Moreover, when we

increase the Schmidt number Se¢, Sherwood number also increases.

3.3 Graphical representation

The effects of different parameters on the velocity, temperature and concentra-

tion profiles are discussed through graphs. Figure 3.2 shows the effects of volume
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fraction ¢ w.r.t velocity profile for different physical parameters. By increasing
the values of ¢, velocity profile as well as the thermal conductivity of nanofluid
increases. It also increases in the thickness of boundary layer. Figure 3.3 indicates
the effects of volume fraction ¢ on temperature profile. By increasing the values
of ¢, temperature profile increases and it also enhance the thermal conductivity.
Figure 3.4 shows the effect of suction/blowing parameter S on the velocity profile.
It is inferred that when we increment the suction parameter, the velocity pro-
file is increasing significantly. Where the fluid velocity decreases due to blowing,
which are depicted in the graph. The suction (S > 0) indicates decreasing in the
boundary layer thickness and increasing in the fluid velocity. When (S = 0), the
result suggests that the case is non porous plate and when (S < 0), it is noted for
blowing. The outcome demonstrates that the temperature profile decreases when
we increase in the suction parameter, while it increases due to increase in blowing.
Figure 3.5 indicates that when we increase in the suction parameter, the temper-
ature profile is increasing whereas, it increases due to increase in blowing. Figure
3.6 shows the impact of suction/blowing parameter S on concentration profile.
From this figure, we conclude that by increasing in the suction parameter S, the
concentration profile and thickness of concentration boundary layer are reduced.
Figure 3.7 indicates that by increasing magnetic parameter, velocity profile in-
creases. Figure 3.8 represents that by increasing in permeability parameter en-
hances the velocity profile.

Figure 3.9 shows the influence of R on the temperature profile. By increasing R,
temperature profile increases significantly. The figure indicates that the thermal
radiation is responsible for enhancement of the thermal boundary layer thickness.
Figure 3.10 indicates by increasing in Schmidt number Se¢, concentration as well
as the thickness of concentration decrease. The effects of chemical reaction co-
efficient A\ for concentration profile are observed in the Figure 3.11, which show
that by increasing A, the concentration profile increases and it also increases in

the thickness of concentration.
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FiGURE 3.2: Influence of volume fraction ¢ on dimensionless velocity.
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FiGURE 3.3: Influence of ¢ on dimensionless temperature profile.
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FIGURE 3.6: Impact of suction/blowing parameters on concentration profile.
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Fi1GURE 3.9: Impact of radiation parameter R on temperature profile.
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Chapter 4

Numerical solution of viscous
dissipation and Joule heating in

nanofluids

In this chapter we extended the study of MHD boundary layer flow, radiative heat
and mass transfer of laminar incompressible two dimensional viscous fluid over
a permeable plate in a porous media with viscous dissipation and Joule heating.
Using appropriate similarity transformation we converted nonlinear partail differ-
ential equations into system of ODEs. The numerical solution of these modeled
ODEs are obtained by using shooting technique.The effects of different physical

parameters are discussed through graphs and tables.

4.1 Mathematical analysis of

governing equations

We consider the steady, viscous and incompressible nanofluid flow. The flow is
two dimensional passed over a permeable plate in a porous media. In addition,

a magnetic field B is applied normally to the plate as shown in Figure 4.1. The

31
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temperature at surface is Ty, free stream velocity is denoted by U and the ambient

temperature is T}, respectively.

L

FIGURE 4.1: A schematic diagram of flow.

Continuity equation:

%—I—

ov

8_y_

ou
Momentum equation:
0 nt 02
W20 AU ey O iy
ox dy dr  ppy OY?
Energy equation:
oT oT 0*T 1 0q.

V—— =

Yor T oy T ™Moy T pas oy

Mass equation:

" oc oC
ox oy

The associated boundary conditions:

u=0,v=0vy, T=T,=Te+Tyex, C =Cyx+ Cye,

z
l

u—U=uace

, T =T, C—Cy,

+m(

Pnf

2
—i—v—:Da—C—K

Oy?

0,

ou

dy

)2+<

at y — oo,

Onf B2,

pCp)nf

(C = Cu).

I

at y =0,

(4.1)

(4.2)

(4.3)

(4.4)

(4.5)

In the above equations, u and v are the velocity components along = and y di-

rections, respectively. T is the temperature of the nanofluids, p denotes pressure
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of the fluids, o, denotes the electrical conductivity of the base fluid and o de-
notes the electrical conductivity of nanofluid respectively. In above equations, C
is called the concentration of nanoparticles , C', shows the free stream concentra-
tion, D is known as the mass diffusivity, U denotes the velocity in the free stream
component, a is any constant number, i, represents the viscosity of nanofluids,
pny denotes density of nanofluids and o5 is called the thermal diffusivity and K

denotes the variable reaction rate. Mathematically,
K = kpeT, (4.6)

where L is called the reference length and kg is any constant number. The suction

velocity is written mathematically as:
vulz) = v, (4.7)

here vy is any constant number. In the solution of the problem, first of all we
converted the system of Egs. (4.1)-(4.4) along with (4.5) into dimensionless forms

using suitable similarity transformation. The similarity variable are defined as:

a x
nzy,/Qvaeﬂ, (4.8)

The temperature dimensionless function #, g and dimensionless stream function

are given in the form of

= 2aL i, f(n) = —>2 = > 4.
v = yy/2aLvsf(n)er, 0(n) T T 9(n) . (4.9)
The stream function ¢ = (x,y) is identically satisfying continuity equation.
Mathematically, the components of velocity are written as:
oY oY
i - __7 4.10

The equation of continuity (4.1) is satisfied identically. Using similarity transfor-

mation in momentum Eq. (4.2), energy Eq. (4.3) and concentration Eq. (4.4)
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along the boundary conditions (4.5). We get the following ODEs.

1
I I A= P (SP e S (- ) = (@.11)
¢ ¢1 b2
K f :| f//2 Mf/2
0"+ P.(f0 — f'0) + P.EcEx | — + =0, 4.12
[¢3Kf ?3 (76 = 1) ¢1 ?2 (4.12)
g"+Sc(fg — flg— Ng) =0. (4.13)
The BCs are:
f=8f=00=1g=1 at n=0,
(4.14)
f/:Le:O,g:O, at n — 0Q.
The parameters in the above set of equations are:
2Ly 20;B¢L 160,72 g vr )
P = M = = 2 -
ako ’ aps 3kky 9= avy’ S¢ D’
2L
9 2z
Bo=-"C"  pr—ed p = a2
To (Cp)ng ay a (4.15)
b1 = (1—9)*° {(1—¢>+¢&] L G2 =(1-0)+ 0,
Pr Pf
(pcp) S
ps=(1—-¢)+¢ =, a=(1—-0)+¢—,
2= ) (pop)f ( ) o )

P, represents the Prandtl number, P is known as permeability parameter, M is
the notation used for magnetic parameter, R is called the radiation parameter,
S is used for suction or blowing parameter, Sc is Schmidt number and A\ is the
notation of chemical reaction parameter. The quantities of practical interest in
these studies are the local Nusselt number Nu,, the local Sherwood number Sh,,,

Ec Eckert number and the exponential function EFx. Which are defined as:

_ (wqw) _ (zpw)
AR i S N (e 10

Gw is the known as heat flux and p,, is called the mass flux. Mathematically it can

D C

w — Kn . X w — - 4.17
¢ / 83/ y=0 P 8y y=0 ( )
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In Eq. (4.18), Re, represents the local Reynolds numbers. It is written as

Ux?

Re, = )
¢ QLUf

(4.18)

4.2 Method of the solution

The solution of the system of eqs. (4.11)-(4.13)) with corresponding boundary
conditions (4.14) can obtained by shooting technique.

To use the shooting method, first we converted these Eqs. (4.11)-(4.13) into a
system of first order differential equations. For these purpose, we denote f by
1, [ by ya, f” by ys, 0 by ys and g by vy . The coupled nonlinear momentum,
heat and concentration equations are written in the form of seven first order order

ODEs:

yll = Y2,
y; = Ys,
o1
ys = 1 (205 — iy — 2) + (P + %¢4M (2 — 1),

/

Yg = Ys,
Pr¢3 y2 My;
Le 2 (yiys — yoys) + PEcEs | 2+ :
Ys an/kf TR (115 — Y2ya) S s
yé = Y7,

yr = —Sc(y1yr — yays — Ays) -

The boundary conditions make the following forms

fl(O):S, f2(0):07 f3(0):u7 f4(0>:17 f5(0):1), f6(0):17 f7(0):w

The shooting method requires the initial guess for f5(n), f5(n) and f;(n) at n =0,
and through Newton’s method we need to vary each guess until we obtain an
appropriate solution for our problem. To check accuracy of the obtained numerical

results by shooting method, we compare them by the numerical results acquired
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by Matlab built-in function bvp4c solver and found them in excellent agreement.

The stoping criteria is given as

maz|yz(T)] = 1, [ya(7)], lys(T)] <€,

where € > 0 represents any positive number. In this thesis the numerical results

are achieved with ¢ = 1076

4.3 Graphical and tabular representation

In this section we analyzed the effects of velocity, temperature and concentration
profiles for different parameters such as Permeability parameter P, magnetic pa-
rameter M, radiation parameter R, suction/blowing parameter S, Schmidt number
Sc, Eckert number Fc and exponential function Fx through graphs and tables.
Tables 4.1, represents the effects of different parameters on Nusselt and Sherwood
numbers. We compare the results obtained by shooting method with Matlab
built-in function bvp4c solver and found both to be in excellent agreement. By
increasing Schmidt number Se, there is no effect on Nusselt number but the Sher-
wood number is increasing. An increase in exponential function Ex shows an
increases in Nusselt number but has no effect on Sherwood number. It can be no-
ticed from the table that by increasing Eckert number, Nusselt number increases
but no effect on Sherwood number. Due to increases in permeability parameter
P, both Nusselt and Sherwood numbers increase. It is investigated that increase
in magnetic field M enhance both Nusselt and Sherwood numbers. Increase in the
radiation parameter R causes Nusselt number to increase and there is no effect
on local Sherwood number. By increasing chemical reaction coefficient \, Nusselt
numbers increase but no effect on Sherwood numbers. It is concluded from this
table that increase in suction/blowing parameter, Nusselt number decreases and
it rises Sherwood number. By increasing volume fraction ¢, both Nusselt and

Sherwood numbers decrease.
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Parameters Shooting method|[Matlab bvp4c

Sc Ex Ec P M R X S ¢]-0(0) -g/(0) -0'(0)  -¢'(0)
025 1 1 05 1072 04 1 0.10.1]0.4969 0.7284 0.4969 0.7284
0.6 0.4969  1.0766 |0.4969 1.0766
0.8 0.4969  1.2302 ]0.4969 1.2302
1.2 0.9160 1.2302 0.9160 1.2302

1.4 1.3350 1.2302 1.3350 1.2302

1.6 1.7541 1.2302 1.7541 1.2302

0.4 0.7603  1.2301 [0.7603 1.2301

0.6 0.3412 1.2301 0.3412 1.2301

0.8 0.0779  1.2301 [0.0779 1.2301

0.2 0.5153 1.2312 0.5153 1.2312

0.3 0.5336  1.2322 | 0.5336 1.2322

0.4 0.5518 1.2332 0.5518 1.2332

10~ 1.6926  1.2786 |1.6926 1.2786

10715 0.8620  1.2463 |0.8620 1.2463

10710 7.6089  1.3700 | 7.6089 1.3700

0.8 0.2481 1.2302 0.2481 1.2302

0.6 0.3769  1.2302 |0.3769 1.2302

1 0.4725 1.2302 0.4725 1.2302

1.2 0.5518 1.2894 0.5518 1.2894

1.4 0.5518  1.3465 |0.5518 1.3465

1.6 0.5518 1.4016 0.5518 1.4016

0.4 0.3002  0.7745 ]0.3002 0.7745

0.6 0.0849  0.8060 |0.0849 0.8060

0.8 -0.1609  0.8382 |-0.1609 0.8382

0.2/ 0.3002  0.7321 |0.3002 0.7321

0.3/10.1822  0.7309 |0.1822 0.7309

0.4/0.1447  0.7261 |0.1447 0.7261

TABLE 4.1: Numerical results of ¢/(0), -¢'(0) for different values of Sc¢, Ez, Ec,

P, M, R, A\, S and ¢.

Figure 4.2 shows the influence of Fc¢ on dimensionless temperature profile. Tem-
perature profile increases with an increase in the values of Eckert number FEc.
As Eckert number is the ratio of the kinetic energy dissipated in the flow to the
thermal energy conducted into or away from the fluid. This figure shows that
when we increase the values of Eckert number for temperature profile, the profile
of temperature distribution also increase. We may conclude that the presence of
viscous dissipation and Joule heating increase the tangential velocity f’ and the
temperature #. This rise in the temperature is due to the heat created by viscous

dissipation.

Figure 4.3 indicates the effect of exponential function for temperature profile. By
increasing exponential parameter Fx, temperature profile also increases. It is
noted that the thermal boundary layer thickness increases with the increase of Fx

but shows a significant effect near the stretching sheet.
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Figure 4.4 represents the influence of P on velocity profile. By increasing perme-
ability parameter P, velocity profile also increases. The results show that increase
in Permeability parameter leads an increases in velocity profile.

Figure 4.5 represents the effect of magnetic parameter on velocity. By increas-
ing the values of M, velocity profile increases but it decreases the thickness of

boundary layer.

Figure 4.6 shows the radiation parameter R effect on temperature profile. It is seen
that temperature profile decreases significantly with increasing the radiation pa-
rameter R. This figure indicates that an increases in radiation parameter increases

in boundary layer thickness.

Figure 4.7 shows that by increasing suction/blowing parameter S, concentration
profile decreases. By an increasing in the suction, concentration profile as well
as boundary layer thickness decrease. Figure 4.8 indicates the effect of chemical
reaction coefficient A on concentration profile. By increasing chemical reaction
coefficient A\, concentration profile decreases. Figure 4.9 reprenents that when we
increase in the volume fraction ¢, thermal conductivity and thickness of boundary
layer increase. Figure 4.10 depicts that by increasing suction parameter, velocity

profile decreases significantly, whereas fluid velocity is increases with blowing.
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Chapter 5

Conclusion and outlook

Conclusion of this thesis contains the heat and mass transfer in MHD lami-
nar boundary layer flow of incompressible viscous fluid over a permeable surface
through porous media. Furthermore, the impacts of radiation, viscous dissipation
and Joule heating are under consideration. The influence of heat flux and chemi-
cal reaction coefficient \ are considered. By provoking a suitable set of similarity
transformations the governing nonlinear PDEs of momentum, heat and mass equa-
tions are converted into system of ODEs. Shooting method are used to solve the
system of equations. The numerical results are in good agreement with Matlab
built-in function bvp4c solver. Physical significance of different parameters are

discussed w.r.t. dimensionless velocity, temperature and concentrations profiles.

e By increasing volume fraction ¢, velocity profile also increases.
e By increasing volume fraction ¢, Temperature field 6 also increases.

e By increasing in the suction parameter S, velocity profile increases whereas

it decreases in the blowing parameter.

e Temperature profile decreases with an increase in suction while due to in-

creasing blowing, it increases.

44
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e The thickness of concentration boundary layers reduce due to increasing in

the suction parameter.
e Velocity profile f’ increases due to increases in the magnetic parameter M.

e By increasing the Schmidt number Se¢, concentration boundary layer thick-

ness decreases.

e Temperature profile will increase due to increases in the Eckert number .

5.1 Future recommendations

Three dimensional flow can be considered for further studies. Non Newtonian flu-
ids such as Oldryd B fluid and Maxwell fluid can be used. Some other parameters
such as mixed convection, inclined magnetic field and non linear thermal radiation

can be incorporated.
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